Recently, Jackson and Yoshimoto proved that every bridgeless simple graph G with δ(G) ≥ 3 has an even factor in which every component has order at least four, which strengthens a classical result of Petersen. In this paper, we give a strengthening of the above result and show that the above graphs have an even factor in which every component has order at least four that does not contain any given edge. We also extend the above result to the graphs with minimum degree at least three such that all bridges lie in a common path and to the bridgeless graphs that have at most two vertices of degree two respectively. Finally we use this extended result to show that every simple claw-free graph G of order n with δ(G) ≥ 3 has an even factor with at most max{1, 2n−2 7
Introduction
All graphs considered in this paper are simple. For the notations or terminologies not defined here, see [10] . A spanning subgraph of a graph is called a factor. An even factor of G is a spanning subgraph of G in which every vertex has even positive degree. A 2-factor of a graph G is a spanning subgraph in which every vertex has degree 2. A hamiltonian graph has a 2-factor with exactly one component.
Petersen obtained a well-known result on the existence of a 2-factor.
Theorem 1 (Petersen, [9]). Every bridgeless cubic graph has a 2-factor.
Fleischner extended Theorem 1 to the existence of an even factor.
Theorem 2 (Fleischner, [1]). If G is a bridgeless graph with δ(G) ≥ 3, then G has an even factor.
Very recently, Jackson and Yoshimoto strengthened the above result.
Theorem 3 (Jackson and Yoshimoto, [4]). Every bridgeless simple graph G with δ(G) ≥ 3 has an even factor in which every
component has order at least four.
In Section 2, we will continue to strengthen Theorem 3 and show that the graphs in Theorem 3 have an even factor in which every component has order at least four that does not contain any given edge.
Generally, neither of the conditions in Theorem 3 can be weakened (see [6] ). Consider the graph obtained from the star K 1,s (s ≥ 3) by replacing each vertex of degree one with a complete graph of order at least four. A second example is the graph obtained from the complete bipartite graph K 2,3 by replacing the two vertices of degree three with a complete graph of order at least four. Neither of the two graphs has an even factor. The first example shows that we cannot move directly the condition ''bridgeless'' from the theorem. The second example shows that we cannot directly reduce the degree condition. However, we can extend it under some restricted conditions. In Section 3, we will extend Theorem 3 to those graphs with minimum degree at least three such that all bridges lie in a common path and to the bridgeless graphs that have at most two vertices of degree two respectively. A circuit is a connected graph with at least three vertices in which every vertex has even degree. For a given graph G, we say that G has a k-system that dominates if there is a family S of edge-disjoint circuits and stars with at least three edges in G such that every edge of G is either in one of the circuits or stars, or is incident to a circuit in S, where k = |S|. Gould and Hynds gave a criterion for L(G) to have a 2-factor with a specified number of components.
Theorem 4 (Gould and Hynds, [3]). Let G be a graph without isolated vertices. The line graph L(G) contains a 2-factor with k(k ≥ 1) components if and only if G has a k-system that dominates.
The following observation is an easy consequence of Theorem 4.
Observation 5.
If G has an even factor with at most k components, then L(G) has a 2-factor with at most k components.
Jackson and Yoshimoto also proved the following result, which settles a conjecture of Fujisawa et al. [2] for those graphs with small minimum degree.
Theorem 6 (Jackson and Yoshimoto, [4] ). Let G be a simple graph of order n with δ(G) ≥ 3. Then L(G) has a 2-factor with at most max{1, 3n−4 10
Although the upper bound on the number of components in Theorem 6 is sharp, we can improve it if we consider clawfree graphs. The example given in Section 4 shows that the upper bound in Theorem 7 is best possible. In Section 4, we will prove a more general result on even factor of a claw-free graph, which says such a graph with δ ≥ 3 has an even factor with at most max{1, 2n−2 7
} components.
As noted in the first part of this section, for graph-theoretic notation not explained in this paper, we refer the reader to [10] . Let G = (V , E) be a graph with the vertex set V and the edge set E. For a graph G and In the subsequent sections, we will take symmetric difference of a graph and a cycle. Let H be a subgraph of a graph G, and let C be a cycle in G. Then we define H C by H 
A strengthening of Theorem 3
The main result of this section is a slight strengthening of Theorem 3. Before proving Theorem 8, we prepare two lemmas. Here a bond of a graph is a minimal edge cut.
Lemma 9 (Mckee, [8]). Every bond of any even factor contains even number of edges.
Let w 1 , w 2 be two vertices of a graph G. Make three copies H 1 , H 2 , H 3 of G. For each j = 1, 2, 3, let w 1,j , w 2,j be the vertices in H j corresponding to w 1 , w 2 in G respectively. In this paper, we use H(G; w 1 , w 2 ) to denote the graph obtained from the three copies and two additional vertices x, y by adding edges xw 1,j , yw 2,j for j = 1, 2, 3. 
H 1 , such that neither x nor y is adjacent to any vertex of H 1 . This implies that H 1 (hence G) has an even factor in which every component has order at least four, the lemma follows.
Now we prove Theorem 8.
Proof of Theorem 8. Let e = w 1 w 2 be any edge of G and G = G − e. Then H = H(G ; w 1 , w 2 ) is a bridgeless simple graph with δ(H) ≥ 3. By Theorem 3, H has an even factor in which every component has order at least four. By Lemma 10, G has an even factor F in which every component has order at least four. Hence G has an even factor F in which every component has order at least four such that F does not contain e.
Corollary 11. Let G be a bridgeless cubic graph. Then for any given edge e, G has a triangle-free 2-factor that does not contain e.

Extensions of Theorem 3
In this section, we will extend Theorem 3. The first extension of Theorem 3 deals with the bridges. 
components.
The bound given in Corollary 13 on the number of components is sharp, for the example, see Fig. 1 . Since a bridge cannot be in an even factor of this graph in Fig. 1 , it has the unique even factor with n 4 components. The second extension of Theorem 3 deals with the minimum degree.
Theorem 14. Let G be a bridgeless simple graph with at most two vertices of degree two. Then G has an even factor in which every component has order at least four.
Proof. If G has no vertex of degree two, then Theorem 14 follows from Theorem 3. Now assume G has at least one vertex of degree two. Let w 1 , w 2 be all the vertices of degree two (if G has exactly one vertex of degree two, then exactly one of w 1 , w 2 has degree two in G). Then H = H(G; w 1 , w 2 ) is simple bridgeless graph with δ(H) ≥ 3. By Theorem 3, H has an even factor F in which every component has order at least four. By Lemma 10, G has an even factor in which every component has order at least four and the theorem follows. The number of vertices of degree two in Theorem 14 cannot be extended to three, for example the complete bipartite graph K 2,3 has three vertices of degree two but no even factor. One can get more examples from K 2,3 by replacing the two vertices of degree three with two complete subgraphs of order at least four.
The following consequence of Theorem 14 is a slight strengthening of a result of Jackson and Yoshimoto [5] . components.
Noticing that the two vertices of degree two must be in the same component, the unique even factor of the graph of order n in Fig. 2 has n 4 components. This shows that the bound given in Corollary 17 on the number of components of an even factor is sharp.
Upper bound on the number of components in an even factor of a claw-free graph
In this section, our main aim is to prove the following result. By Observation 5, Theorem 7 is its consequence. Before proving Theorem 18, we prepare several lemmas. The following result will be used in the proof of Theorem 18 when we deal with the graphs of small order.
Lemma 19. Let G be a claw-free graph and H be a triangle that contains a vertex of degree two of G. Then G/H is also claw-free.
Proof. Let
Theorem 21 (Matthews and Sumner, [7]). Let G be a 2-connected claw-free graph of order n. If δ(G) ≥ n−2 3
, then G is hamiltonian.
Now we prove Theorem 18.
Proof of Theorem 18. First assume n ≤ 7. If G is 2-connected, then G is hamiltonian by Theorem 21 and δ(G) ≥ 3. In the case that G has a cut vertex u, the fact that δ(G) ≥ 3 forces that d G (u) = 6 and G is the unique graph in which u is adjacent to two distinct triangles. Hence G has an even factor with one component. Now assume n ≥ 8. If G has no bridge, then by Corollary 13, G has an even factor with at most
components and we are done. In order to prove the conclusion of Theorem 18, we use induction on the number of bridges of G. Deleting all the bridges of G, we obtain the resulting components, denoted by H 1 , H 2 , . . . , H s . Now construct a new graph T with V (T ) = {H 1 , H 2 , . . . , H s } and H i H j ∈ E(T ) if and only if H i and H j are connected by a common bridge. By the definition of bridges, T is a tree. Take a leaf of T , say H 1 . Then H 1 has at most one vertex of degree two which is incident with the deleted bridge and so it is in a triangle of H 1 by the fact that G is claw-free. By Corollary 17, H 1 has an even factor F with at most
. Then the number of bridges of G is less than G. Let v be the vertex of G which is incident with the deleted bridge. First assume d G (v) ≥ 3, then δ(G ) ≥ 3. By the induction hypothesis, G has an even factor F with at most
components. Hence G has an even factor F ∪ F with at most
components since
and then we are done.
In the case that d G (v) = 2; since G is claw-free, v must lie in a triangle T 1 = vx 1 x 2 v. Note that G is also claw-free. We consider three cases.
This proves our claim. Note that G 1 has the number of bridges less than G. By the induction hypothesis, G 1 has an even factor F 1 with at most
components. Note that the number of edges which are incident with v T 1 in F 1 is even. We construct a subgraph F 1 of G by F 1 = F 1 ∪ T 1 if the number of edges in F 1 corresponding to those which are incident with x 1 in G is even and by
Then F 1 has the same number of components as F 1 . Then G has an even factor F ∪ F 1 with at most
. Then we are done.
Then by the construction, G 2 is simple. By Lemma 20, G 2 is claw-free. Furthermore δ(G 2 ) ≥ 3 and G 2 has the number of bridges less than G. By the induction hypothesis, G 2 has an even factor F 2 with at most
is an even factor of G . In the case that vw ∈ E(F 2 ), by Lemma 9, x 1 x 2 must be in E(F 2 ) and exactly one of {wx 1 , wx 2 } and {vx 1 , vx 2 } respectively is in E(F 2 ) and F 2 [{w,
an even factor of G with the same number of components as F 2 . Hence in either case, G has an even factor F 2 with at most
components. Then F ∪ F 2 is an even factor of G with at most
Then G 3 = G − {v} is a simple claw-free graph with δ(G 3 ) ≥ 3 such that it has the number of bridges less than G.
By the induction hypothesis, G 3 has an even factor F 3 with at most
components. We construct an even factor
is an even factor of G which has the number of components not larger than F 3 . Hence F ∪ F 3 is an even factor of G which has at most
. Then we are done. 
) \ {v} and w be the other vertex in N G (x 2 ). Then w w ∈ E(G) and G 4 = G + {w v} is claw-free by Lemma 20. Furthermore δ(G 4 ) ≥ 3 and G 4 has bridges less than G. By the induction hypothesis, G 4 has an even factor F 4 with at most components.
Then F 4 is an even factor of G with the number of components not larger than F 4 since v, x 1 , x 2 , w are in the same component of F 4 . Hence F ∪ F 4 is an even factor of G with at most
is also a simple claw-free graph with δ(G 5 ) ≥ 3 such that G 5 has the number of bridges less than G. By the induction hypothesis, G 5 has an even factor F 5 with at most
components. Now we obtain an even factor F 5 of G by
is an even factor of G. Now we estimate the number of components of F 6 . Note that if y 1 y 2 ∈ E(F 5 ), then F 5 has the same number of components as F 5 , and if y 1 y 2 ∈ E(F 5 ), then the number of components of F 5 equals the number of components of F 5 plus one. Since |V (H 1 )| ≥ 4 and |V (T 1 )| = 3 and n = |V (
Then in either case, F 6 has at most 2n− 2 7 components and we are done.
By Lemma 19, G /T 1 is claw-free. Hence by the fact that d G /T 1 (v T 1 ) = 2 and d G /T 1 (y 1 ) = 3, one can know that G 6 is claw-free by Lemma 20. Further δ(G 6 ) ≥ 3 and G 2 has bridges less than G. By the induction hypothesis, G 6 has an even factor F 7 with at most
, then by Lemma 9, y 1 y 2 ∈ E(F 7 ), and exactly one of {uy 1 , uy 2 } and one of {v
In either case, F 7 is an even factor of G with the same number of components as F 7 and hence F ∪ F 7 is an even factor of G which has at
. Then we are done. It remains the case that |(N G (y 1 ) ∩ N G (y 2 )) \ V (T 1 )| ≥ 2. Hence G 7 = G − V (T 1 ) is a simple claw-free graph with δ(G 7 ) ≥ 3 such that it has bridges less than G. By the induction hypothesis, G 7 has an even factor F 7 with at most 2|V (G 7 )|−2 components. This completes the proof of Theorem 18.
The graph G 0 in Fig. 3 shows that the bound given in Theorem 18 on the number of components of an even factor is sharp. Since a bridge cannot be in any even factor of G 0 , G 0 has the unique even factor with 2n− 2 7 components. Since for any . This shows that the upper bound on the number of components in Theorem 7 is sharp.
The following conjecture seems to be true. Theorem 18 is the case δ = 3 of Conjecture 22. If Conjecture 22 is true, then the upper bound is best possible by the claw-free graph G 00 obtained from G 0 by replacing each triangle whose vertices are all incident with exactly one cut edge with K δ , by replacing each K 4 by K δ+1 , and for each K δ , adding δ − 3 copies of K δ+1 in which exactly one vertex is adjacent to exactly one vertex of this K δ , see Fig. 4 . G 00 has an even factor with the components.
